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ABSTRACT

Four techniques for the numerical solution of partial
differential equations and elgenvalue problems were
investigated. Typical problems considered were elliptic
partial differential equations of the form

Uy * Uyy = £(x,¥), (1)

or

2 =
Uey * Uyy + A%U = 0, (2)

where appropriate boundary conditions are specifiled so
that the problem is self-adjoint.

The four methods are relaxation, Galerkin, Rayleligh-
Ritz, and dynamic programming combined with Stodola's
method, for elgenvalue problems.

The results indicated that for elgenvalue problems
relaxation or dynamic programming modiflied 1is to be

preferred usually and for partial differentlal equatlons

Galerkin or dynamic programming 1s prefefred.
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I. INTRODUCTION

Initially for this thesis 1t was planned to 1nv?stigaﬁe
methods for finding eigenfunctions and elgenvalues, with
& particular Interest in the oscillation in basins such as
harbors and bays. The report by Angel {10] introduceé
a new mothod, that of dynamiec programming,'fof the solu-
tion of some partial differential equations. This method
seemed promising and it was then exténdgd here to' the séluJ
tion of other partial differential equations. It also ‘ ;
made 1t possible to invert a linear;difrerential ope?ator
and hence apply Stodola's method in finding eigenyalues
and eigenfunctions. This leh naturally to a;compérison
' with several procedures already known to try to compare
convergence, speed, and accuracy, by applying them to Fﬁe '
solutlon of several rather simple proSlems.

It 1s assumed that the reader has some famlliarity with | !
the techniques of replacing differential equations by dif-
ference eguations and the standard technique of ‘separating
variables in linear partial differential équationsa The
reglons and thelr boundaries were assumed to be "nice,"
not excessively irregular. Some knowledge of caiCulus
of varilations also is desirgble but not nécessafy; ref-
erence [5] provlides more thén adequate backg;ound.

Four problems were divided into two categories. " In the ‘
first category were eigenvalue problemg. Two typical ones

were

. b



. - 2 . .
Ugg *'Upy = = 230 anog, (1.1)

subject to the constraing

a , |

U(x,y) = 0 o on 84, (1.2)
where 64 is theiboundary of the domain A; and second
| VAU = A%y, | in &, (1.3)

subject to the constraint

2y
n

=4

U(x,y) =

= 0 on G6A. (1.4)

Q>

2
|
: ' In the second ‘category were equatlons such as Poisson's

equation
J

i ! = A
Uxx + Uyy }f(%,y) in A, (1.5)

subject to the constraint

Ulx,y) = glx,y) ° on 84, (1.6)
Aand the biharmonic equation
i . '

! S VM = ix,y) » in A, (1.7)

SubJect to the constraints

! Ulx,y) = hix,y) ' on S84 (1.8)
‘and
211
UL ax,y) on §A. (1.9)
an?

Problems in the first cateéory were numerlcally solved

by a relaxation methéd, the Raylelgh<Ritgz method, and

dynamdic Programming ccmbined with Stodola's method.

|
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Problems in the second category were solved by Galerkin's
method, the Rayleigh-Ritz method and dynamic programming.
The domailr used throughout this paper for comparisons

was the unit square, with the constraint
U(x,y) = 0 on S8A. (1.10)

Computations were also carried out for L-shaped and trian-
gular regions and for other boundary conditions.

In the relaxation method and dynamic programming method
in solving eigenvalue problems the initlal estlmates to
the eigenfunctions had a speclal property. The first ap-
proximation to U, was plcked so that 1t had no negative
value in the domain. The approximation to U: was pilcked
so that it had negative and positlive values in the domain
and in addition 1t was orthogonal to U,. The 1nitial ap-
proximations to U; was picked in the same way as the one
for U2 except that it had to be orthogonal to both U; and
Uz. It may be difficult to make a suitable cholce for sonme

of the higher modes.




I, RELAXATION METHOD

For many years relaxation techniques have been used
to solve differentlal equatlons wlth and without the
ald of computers. They are basically iterative proce-
dures in which a new approximatlion is obtalned from a

previous approximation and 1ts residuals.

A. DERIVATION OF EQUATIONS

In this section a typlcal problem 1s posed and solved
by a relaxation method.

Suppose the problem to bé solved has the following

form

Zyy = Zyx * Zyy in A, (2.1)

where the unknown function 2 must satisfy the differentlal
equation in a simply connected region A in the xy plane,
and for t>0. In addition the function 7 is required to

vanish at points on the boundary A of the reglon A,
Z(x,y,t) =0 on 8A. (2.2)

A typlcal problem 1s that of a vibrating membrane. The
function Z(x,y,t) denotes the vertical displacement of
the membrane.

Now assume that the displacement has a representation

of the form

Z(x,y,t) = T(t) U(x,y). (2.3




When Eq. (2.3) 1s combined with Eq. (2.1) the variables

may be separated anu a new equation is obtalned of the
form

This 1is equivalent to two equatlons
™ 4+ A2T =0 (2.5)
and

i = ) 2
5 _ Uxx + Uyy A2U, (2.6)

each with a parameter A. Further U must satisfy the

boundary condltion
U(x,y) = 0 on SA. (2.7)

This 1s a typical elgenvalue and eigenfunction problem:
to flnd the values A, or An’ and the associlated functions

U, or Un’ satlsfying Eq. (2.6) and the constraint (2.7).

The values A, n1 € A2 £ A3 & +++, are called the
eigenvalues. With each eigenvalue 1s an eigenfunction
Un' In this problem the elgenfunctions assoclated with
different eigenvalues are orthogonal on the region A.
Each eigenfunction Un is also called a mode.

Conslider a thin elastlc membrane of a particular form,

. such as a very thin uniform sheet of rubber. Assume that

the membrane is made fast at the boundary, while it is

tightly stretched over the region with unifeorm tension.

Also assume that damping 1is negligible. Then if an interior

reglon of the memdbrane is pushed in a direction perpendicular

10




to the plane of equilibrium, it becomes distorted 1nto a

curved surface. The resulting area can be computed as

T L ]
S = [A[& + 0. T+ Uy dxdy, (2.8)

Assume that Ux and Uy are very small; Eq. (2.8) becomes
approximately
S = [J(1+ %02+ %0 2) dxdy. (2.9)
A
The increase in the area of the membrane due to the distor-
tion is therefore approximated by
§5 = [[(1 + WU 2 + %0 2) dxdy - [[ dxdy  (2.10)
A A
=% [[(U2 + U2) dxdy.
A

Hence the potential energy of the membrane in the deflec-

ted posltion 1s

PE = v/2 [[(U,? + U ?) axdy, (2.11)
A

wﬁere v 1s the tenslion, assumed to be constant over the
region.

Now conslder any particular eigenfunction or mode.
It follows from the solution of Eq. (2.4) that the deflec-

tion 1s a periodic function of time and may be expressed

in the form
Z(x,y,t) = U(x,y) sin At, (2.12)

except for a phase shift. Thus Eq. (2.11) can be rewritten

11



as

\ .
PE = X% {{(sz + Uyz) dxdy sin? at. ‘2.13)

The maximum value of the potential energy 1s

PE .. = v/2 ”(Ux2 + Uyz) dxdy. (2.14)
A

The kinetic energy of an element dm = pdxdy of the membrane
is
kpdxdy(Ut)z = 345dxdy(U2)2 cos?)t), (2.15)

where p denotes the mass per unit area of the membrane.

Therefore, the kinetic energy of the vibrating system is

KE = \2p [[U2dxdy cos?at, (2.16)
A

and the maximum value of the kinetic energy is

KE . = ¥A%p [[U2dxdy. (2.17)
A

If 1t 1s assumed that the energy is constant then, the
maximum values of the potential and kinetic energy are

equal for individual modes, and therefore

\2p [fU%xdy = v/2 [[(U% + U ®) dxdy  (2.18)

A A
or,
v [f(U,? + U ?) dxdy (2.19)
A2 = A
p [[u*dxdy
A

12



The first eigenfunction U 1s the function which minimlzes
this quotient and the first elgenvalue 212 1s the corres-

ponding value for the quotient. The next eigenfunction

is the function Uz which minimizes the quotient 1in the

2 45 the corres-

space of functions orthogonal to Ui, and A:
ponding value of the quotient. The third eigenfunctilon
Us minimizes the quotient in the space of functions ortho-
gonal to U, and U2, etec. The set U, U2, ... is unique
except that 1f two or more eigenfunctions have the same
elgenvalue, they may be replaced by linear comblnations
of themselves. It is seen that A1 £ X2 £ A3 ... .

If the mode U is known, Eq. (2.19) can be used to obtain
A, An interesting fact 1s that a rather poor approximation »
to the first mode Ui, chosen to satisfy the appropriate
boundary condition, will yield a surprisingly good estimate
for A1%. This result is apparently due to Lord Rayleigh,

and the quotient 1s sometimes called Rayleigh's quotient.

B. COMPUTATIONAL ROUTINE
In this section the results of section A will be used
to develope a method to solve Eq. (2.6).

If Eq. (2.6) 1is exbressed as a difference equation

then 1t may be written as

(U U 2U +

1,57 Uy g4
+
hz kZ

+ - -
141, ¥ Vi1, Uy,3-1 — 2Vs 5)

- - 2
UL, (2.20)

13



where h and k denote the x and y mesh size respectively. If

the mesh sizes are equal then Eq. (2.20) can be rewritten as

(Ui*l,d * Ui,J+1 + Ui—l,J + Ui,J-l) (2.21)

UiaJ " § - \2p?

The procedure used to solve the partial differential
equation was to pick a function U° which satisfied the given
boundary conditions as a first approximation to U(x,y).

This function need not be a very good approximation to U,
and in fact step functions were sometimes used.

From Eq. (2.19) an approximation to A? was obtained
by assuming that the approximation U® was the desired func-
tion U, With%this first approximation to A? Eq.(2.21)
was used to obtailn an improved estimate of U. The form

of Eq. (2.21) used to obtain the vth approximation was

v=1 v=1 v v ’
v g g # Uy gay ¥ Ug g+ U 0)  (2.22)
U = ’
i,J (4 - A2h?)

in which the v-lgg estimate of A was used. By alternating
Eq. (2.19) and Eq. (2.22) a close approximation to A2 and
U were obtained. The solution converged to the smallest

elgenvalue X; and the associlated eigenvector U,.

C. HIGHER ORDER EIGENVALUES

In thls section the method is extended to find the
larger elgenvalues and eigenfunctions.

To obtain the larger eigenvalues and eigenvectors the

same procedure as that in section B was used except that

14



additional equations were added to force the eigenfunctions
to be orthogonal to those already found. Define U, for
i=1, 2,..., n to be the ith eigenfunction, associated

with Ai. All higher eigenfunctions must be orthogonal to
the lower ones obtailned. Orthogonalization was accomplished
by subtracting out multiples of the lower elgenfunctions

already obtained. This was effected by expressing U as

n
Y =U -1cu (2.23)
1+1new 1+1old J=1 -’
where
/ AIUi"lom uJ dxdy
c ™ 3 J-l’z’ooo,io (2.2’4)

J [[UJ’ dxdy
A

For each eigenfunction desired a different initial
approximating function was used. The method gave the eigen-
values and assoclated eigenfunctions in numerically increas-
ing order. The method was very simple and effective for
lower eigenvalues.

The fault of the method is that convergence was poor
and computation times were large if the numbefwa intervals

in both directions was large.

15



III. DYNAMIC PROGRAMMING [8,10]

The method of dynamic programming has recently been
applied to the solution of partial gifferential equations,
[io]. The difference équation may be regarded as leading
to a syétem of linear equations with a large number of
unknowns. The method effectively reduces the number of
unknowns involved so that a number of systems are to be
solved, egch one of. much lower dimension. In one case,
for example, using a grid with N+1 intervals in the region
in each direction, N systems each with N unknowns are solved,
rather than one system with N - squared unknowns. ‘

In section A, the method 1s appliéd to the solution of
Polisson's equation over a rectangle, following the paper of
Angel {10). 1In section B, the method is extended to a re-

lated elgenvalue problem by combining it with Stodola's

- method. 1In section C, the method is extended to the solu-

tion of the biharmonic equation, by applying dynamic pro-
gramming twice. Finally, in section D, the method is
applied to the eigenvalue program involving V*U = A2U, again

by combining the method with Stodola's method.
A. DYNAMIC PROGRAMMING FOR PARTIAL DIFFERENTIAL EQUATIONS
Consider the solution of Poisson's equation

Uxx + Uyy = f(x,y) in 4, (3.1)

where U = U(x,y) 1s subject to given boundary conditions

16
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such as

U(x,y) = g8(x,y) on SA. (3.2)

It may be noted that Eq. (3.1) 1s the Euler equation

associated with the variational problem

I(U) = Min f[(Ux’ + Uy2 + 2fU) dxdy (3.3)
U ‘A

where the function U is chosen from the class of functions
with first partial derivatives belonging to L} over A, and
satisfying the boundary conditions of (3.2) on SA.

Let the region A be discretized by choosing n+l and
m+l equally spaced points in the inerendent variables
x and y respectively. Then Eq. (3.3) may be rewritten in

a discrete version with equal intervals as

I(U) = Min ? ? [(ui g - Uy J_1)2 (3.4)
1=1 J=1 ’ ’

Us,3

WL AR A

where {Uo,j}’ {Ui,o}’ {Un,J}’ and {Ui,m} are determined

from the boundary conditions of Eq. (3.2). Now, if all terms
in Eq. (3.4) involving only boundary values were removed,

while not affecting the solution, a more convenient form

of Eq. (3.4) 1s obtained

n m
I(U) = Min U - U 2
Ui,J izl JZ]_ ( 1,3 i,J—l) (3.5)

. m=-1 ) m=1
’ - 2
Loty g0y g LUy Uy

S



In vector notation Eq. (3.5) may be rewritten in the form

n - L
I(U) = Min ] (<QUg,Up> + <rp,Up> + Sp (3.6)
UR i=]1
+ <Og - Uy 4, Up = Up_y > + < TR,0p>)
In this, Uh = (Up 5..., Up )T. This relation now defines
1 m-1
a symmetric matrix @, vectors Fh, and Th, and a scalar
SR by
[ 2 1=
Q= {qi,J}’ where qi,d =4 -1 Ii'Jl =1 (3.7)

| 0 otherwlse

r - =

- 2UR:° J 1
rp * {rR,J}’ where rR,J= 1 -ZUR’m J = m-1
| 0 otherwise

. L o
Fp = (2nirp )

2 2
SR * Yr,o *Ur,m -

The notation as in <Fh, Uh>, denotes the scalar product of
the two corresponding vectors. The matrix @ remains constant
whlle Fﬁ and SR are functions of the boundary conditions
only.

Now in order to solve Eq. (3.6) a sequence of dynamic

ﬁrogramming problems was considered. Let

n
F, (V) = Min (<Q0,, U,> + <., U.,> (3.8)
R U....0 1-_2-3 i 1
n-1
t8y 4 <Oy =Ty Uy - Uy > # <1y, Tp2)

18



where Uﬁul = T and Uh is given by Eq. (3.2). Now Eq. (3.8)
can be rewrltten as

Fp(¥) = ’{%;“ (<QUg,Up> + <rp, Up> + Sp (3.9)

+ <Up - V,Up = V> 4 <Tp, Up> + <Qp,,, Upyy>

Foor + 8, + <V -TU ., 0, =T, >+ <, T2

This may be done since the minimization over ﬁR+l"“’

Uﬁal can be commuted with the minimization over Ug. This
is a common technique of dynamic programming based upon the
principle of optimality, {8]. This allows Eq. (3.9) to be

rewritten as

FR(V) = %in[<QU N UR> + <rR, Uﬁ> + SR (2.10)
R

<

+ <Up - v, R~ V>4 <Tg, Up> + FR+1(URﬂ‘
The final equation is

—_——

Fn(v) = <QU_, U, > + <r,, 0>+ 8§, (3.11)
+ <ﬁh -V, 0 V> 4 <F , UT>

and ﬁh is known from the boundary conditions Eq. (3.2).
Since FR(V) is quadratic in V Eq. (3.11) may be rewritten

in the form

FR(V) = <Kﬁv, T> + <ERV> + Cgqe (3.12)

Now by substituting from Eq. (3.12) into Eg. (3.10) and

then differentiating with respect to ﬁh an expression for

19




ﬁh i3 obtained of the form

! Bpey + T + T ) l
_— = o7 o1 |g _ JR#l R__"R [ (3.13)
Up = (T +Q+ Ag,,y) v —

This 1s obtained by substituting related Eq. (3.13) into
Eq. (3.10) and then combining Eg. (3.10) with Eq. (3.12),
the various quantities 1in Eq..(3.l3) are defined by these

steps as _
Kg = T - (T+Q+ K070 o Gaw
' } i
Bp = (T+ T+ Fpyp)™ (B + Fp + T - (3,15)
Cg = Cpyy + Sp - [(I +Q+ 5R+1)'1 (3.16),

— _ — — . ; I |
PRe1 * PR, Pre1 * TR >] | .

2 .2

<

with initial values determined from Eq. (3.11)'as! . -

i

B, =T, B S (3an

Sh = =20, | ~ ’ (3.18) |
! ;

C,=<«(T+Q) U, 0>+ <r T-Uﬁa +38,. (3.19)

The matrix (T + Q + Kﬁ+l) is nonsingular, ll. Thus it has
inverses which may be computed beforehand, since' it is?de—!
pendent only upon the type of ope}ator.

Due to the fact that 'only the values, of Uh are'desired
the quantities CR need not be calculated.

The procedure is to'calculate the quantities in

Eq. (3.14) repeatedly until &, and B, are obtained. ' Then
I .

20
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U is found from Eq. (3.13) with ¥ = U,s which 1s known
from the boundary conditions. Next, Eq. (3.13) is pepeated- .
ly solved using the stored values of K and By, and the
last value of Up as V. | ~

Thus, t?e prdbleﬁ was solved by'n-l inversions of sym-
metric métrices of order:mmz. While these matrices may be
lagge thére are foicient computer routines available to
determine the inversés. Once the inverses are found, they
may bé stored'for'future usé, since:they are based only on
the geometry of the'region A. Thus for several problems

|

over the same reglon the inverses may be entered into’the

program as data. Also they have the property that if less

_éhan n;l grld'pointé are required a reduced number of the

métrices may be used.

B. DYNAMIU PROGRAMMING FOR EIGENVALUE PROBLEMS
In th§ first section of this chaptér it was seen that
dynamicAprogfamming coﬁld be used to solve partial differ-
ential equations. In this secfion,lthe program 1s modifiled
ﬁo sclve a related_eigenvalue provlem by Stodola's method.
Consider' the problem of the vibrating membrane consi-

dered in Chaptér II. The diffeérentlial equation for the

eigenvalues and elgenfunctlons is

= w32 ‘
;Uxx + Uyy'- AU in A, (3.20)

; ! ; )
where U = U(x,y) 1s subject to the boundary condition

U(x,y) =0 & on &A. (3.21)
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This problem was solved by two related methods., 1In
both Eq. (3.20)1s regarded as a speclal case of Eq. (3.1)
in which

£(x,y) = =AU(x,y) in A (3.22)
and
f(x,y) = 0 on 6A (3.23)

1. Pirst Routine

The difficulty here was that the functlon f was
known only on the boundary and ) was unknown. The first
step, to overcome this obstacle, was to choose a function
Uoﬁx,y)which satisfled the glven boundary conditions.ﬁ Then
an estimate of A% was obtained, say (x°)2, by using Ray-
leigh's formula. Next a new estimate of U, say Ul(x,y), was

obtained using dynamic programming to solve the equation

Uex + Uy = =097 0% = 220G,y (3.24)

By repeating this sequence of Rayleigh's formula and dyna-
mic programming, a good approximation to the minimum eligen-
value and the associated eigenfunction was obtained. The
next two eigenvalues and vectors were also obtained by the
process of forcing tne higher eigenfunctions to be orthogo-
nal to ones already obtained as was done in relaxation.

The inverse matrices used in the routine were calculated

in determining the first elgenvalue and elgenfunction;

they were then stored so that 1t was not necessary to recal-

culate them for subsequent elgenvalues.
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2. Stodola's Method

The second form is more like the usual form of Sto-
dola's method and hence a brief of Stodola's technique is
given first.

An initial funetion Vy satisfylng the boundary con-
ditions is selected. It may be considered to be of the

following form
Vo L a.lU] + a2U2 +.o. (3025)

where a; 1is not equal to zero. For convenlence Vo was

ncrmalized; the L, norm of Vg, [|V,|], 1s defined as

uAX Vo (x,3) = [1Vells (3.26)

and |]Vo|] is set equal to one. Now consider

Lo = 53k Vs - X U2 - (3.27)
and
m 2m
~m - —lﬁ Al
L™ %vq = [X_'Tl ] {&1(11 + az[-—*—lz] Uz +.‘.} (3.28)

In Eq. (3.28) it can be seen that the relative size of the
components U,, U;,... are decreasing by a factor (X;/x3)?,
(Ay/23)%,... respectively. After a few applications of the

operator, L™}

» to V,, the leading term will dominate.
Thus the functions obtalned will approximate V,, except

for a constant factor, and the ratio of successive 1terates

will approach a constant, -1/)2.




3, 8econd Routlne

This was applied as follows. Let Zm be defined by
the equation LZ =V _ ., so that

-1
m m-1"* (3029)

This equation was solved by dynamic programming. It was
found convenient to normallze each iteration. Let

-2

T
Then the approximation c¢an be made
A= —i (3.31)
TERT

The sequence of functions Vo, Vi,... converges to U,.
The process was terminated when successive approx-

Imations were sufficlently close together, say,
[V () = Vg (90 <e, (3.32)

where ¢ 1s a preassigned small positive number. The result-
ing function Vm is an approximatleon to U,, and A; is ob-

tained from Eq. (3.31).

C. DYNAMIC PROGRAMMING FOR A HIGHER-ORDER OPERATOR

In section A and B of this chapter 1t was shown how
dynamic pregramming could be used to solve Polsson's equa-
tion and the vibrating membrane program, respectively.
In this section, bty another modification to the routine,

the bilharmonic equation can be solved.
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Assume the problem to be solved 1is of the form
v (U) = £(x,y) in A, (3.33)
where U = U(x,y) 1s subject to the constraints

U = g(x,y) on A (3.34)
32U/8n? = P(x,y) on 8A.

Clearly Eq. (3.33) may be rewritten in the form
V2 0(x,y) = £(x,y), (3.35)
where
V2 U(x,y) = ®(x,y). (3.36)

Now, since U and 5%U/3n? are both known as the boundary,

¢(x,y) may be approximated on the boundary. On a rectangle,

for example, the following relatlions determine ¢ on the

boundary
[ ©(0,y) = -P(0,y) + Uyy (0sY) (3.37)
‘ ¢(n,y) = P(n,y) +n . (0,y)
¢(x,0) = -F(x,0) + Usx (x,0)
\ ¢(x,m) = P(x,m) + U__ (x,m),

The usual finlte difference scheme may be used to approxi-

mate U, and U __ and thus the relations of Eq. (3.37) may

yy
be approximated by

WUy y41 = 20,y * U 4-1)

¢ +

0,5 = ~Fo,4 = (3.38)
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o e bt " gt nga) g g,
n’J n)J h2 *
[
o = op 4 B141,0 = 230 * Yoy 0)
1,0 1,0 "
4 s P + (Ui"'lng - 20 am * Uir—l,m)
\ i’m 19m hz

f0r1=l,..., n-l’J=1,¢oo_’ m_l’

and @0’0, én,O’ °O,m’ °n,m are known from the boundary con-
ditions. Thus ¢(x,y) is now approximated on the boundary.
First Eq. (3.35) is solved by dynamic programming to obtain
the function ¢ in the region. Then Eg. (3.36) 1is solved

by dynamic programming to obtain the desired solution.

D. DYNAMIC PROGRAMMING FCR HIGHER ORDER EIGENVALUE PROBLEMS

This method may be extended to the corresponding elgen-
value and elgenfunction problem much as before. One such
physical problem is that of a vibrating uniform plate with
hinged edges.

Assume that the differential equation has the form

vV'U = A%U, in A, (3.39)

U =299Y=-0p on 6A (3.40)

The technique of sections B and C may be applied in two

steps to the solution of the problem. Let ¢ be defined as

¢ = V3U. (3.42)




Then the two equations to be solved are
v?.@n - qun (3.“2)

and

vyt = oR, (3.43)

subject to the boundary conditions, Eq. (3.40).
In order to start the routine an initial estimate for
the function U(x,y), say {UiJL is made. The value of A
15 estimated as was done in section B. Then Eq. (3.42)
and Eq. (3.43) are solved by dynamic programming to get the

next approximation {Ui J}. The -same criterion for stopping
]

{s used as that in section B.




IV. RAYLEIGH-RITZ METHOD [4,5,6,9]

The Raylelgh-Ritz method has been used for many years
to obtain approximations to the solution of partial differ-
ential equations and eigenfunction problems., In this method
the problem 1is posed as a minimization problem, say invol-
ving an integral. Then some linearly independent functions
which satisfy the boundary cecnditions are chosen. The solu-
tion is appréximated by a linear combinatlon of these.
Finally the coefficients 1n the approximation are chosen
80 as to effect minimization. This leads to an elgenvalue
problem involving symmetrlc matrices.

The functions chosen may be, for example, polynomials
of low degree, or trigonometric functions. Assume that
homogeneous boundary conditions are given. Let ¢, = ¢k(x,y)
be n functlons which satlsfy these and approximate the solu-

tion U by

n
U(x,y) = Y C, o, (4.1)
oy Ot

A. PARTIAL DIFFERENTIAL EQUATIONS

In this section the solution of

Upg * Uy = £02,7) in A, (1.3)

1s again considered. It 1s the Euler equation assoclated

with minimizing the'integral
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fﬁ((uxa + U % + 210) dxdy. (4.2)

Substituting from Eq. (4.1) into Eq. (4.2) and integration

results in a function which may be written

I= I(C,enny Cp), (4.3)

for functions of the form (4.1). The minimization of this
function and an approximate solution to Eq. (1.3) is thus

obtained by solving

=0, k=1, 2,..., n. (4.4)
The effectiveness of the procedure of course depends upon

the cholice of the approximating functions ¢, (x,y).

B. EIGENVALUE PROBLEMS
The method 1is also appllcable to eigenvalue problems.
Consider again the problem in Chapter II of finding eigen-

values and elgenfunctions for the equation

= 12
Uxx + Uyy A%U in A (2.6)

subJect to the boundary condition
U(x,y) =0 on 6A. (2.7)

In many problems A;ﬂ the lowest eigenvalue, is the minimum
of the ratlo of two integrals. This fact was shown 1n
Chapter II and Eq. (2.19).

If an approximation to U is chosen as in section A, since
each functlon satlsfies the llnear homogeneous boundary

condition, the sum shown in Eq. (4.1) satisfiles 1t, If
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this sum is substituted into Eq. (2.19) the resulting values
define an upper bound for A, for all cholces of the C's,
Further also, the C's may be chosen to give a least upper
bound over the subspace spanned by &1, ¢2,..., °n'

If that approximation for U is substituted into Eq.(2.19)
the numerator and denominator become quadratic forms in

(Cl,..., Cn) = C. The numerator has the form
7§ c,c, =CK T (4.5)
a = A .
1=1 g=1 1 1
where

agy ;Af(cpixqux + ¢iy¢Jy) dxdy, (4.6)

and the denominator has the form

7V b.cc =BT 4.7
= T'B .
1=1 g=1 2
where
byy = quai ¢, dxdy. (4.8)

These define the matrices A and B. The first eilgenvalue
A ninimizes the quotient in Eg. (2.19) and hence the mini-
mum value of

ctrcets T

defines the mirimum value of the quotient in the subspace

SpaHDEd by ¢l,0.0’ ¢n0




To find this is equivalent to minimizing the quadratic

form

Py Min Tx T (4.10)

subject to the constraint that the second quadratic form

assumes the value one
TE T - 1. (4.11)

The problem may be solved in two steps. First find the eigen-
values and eigenvectors of B. Let the eigenvalues of B
be mi’, i=1, 2,..., n, and the associated normalized eigen-

vectors V,. Let T be the matrix

T= (Vi, Vayee., Vn) diag(l/&x,..., 1/w,). (4.12)
Then the transformation

C=TDH , (4.13)
reduces the constraint (4.11) to the form

o5 T = 5% = 1. (4.14)

condition (4.10) becomes

\1? = Min BE D, (4.15)
b
where
E=TX%T, (4.16)

subject to the constraint (4.14).
Hence the value of A;2 is the smallest elgenvalue of

the matrix E.
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Let D1 be the assoclated normalized eigenvector of E.
Then the corresponding minimizing function has coeffilcients

determined from Eq. (4.13)

e et

Ci =T D, (4.17)

This value of Ai21is an upper bound for the first eigen-
value, the least upper bound in the space of functions
gspanned by ®1,..., Qn' In a simllar way the second eigen-
value of E furnishes an upper bound to the second eigenfunc-
tion, ete.

For simple problems, at least, it seems easy to choose
the ¢'s so that a good bound for the lowest elgenvalue re-
sults. It i1s not clear how to make good cholces to get

good estimates for the higher elgenvalues.
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V. GALERKIN'S METHOD (4,5,6]

Sometimes the solution to boundary-value problems in-
volving partlal differential equations can be obtalned by
forming an assoclated functional in the form of a definite
integral which 1s to be made statlionary. For a problem of
this type, the Raylelgh-Ritz method 1is often an effective
procedure for the determination of an approximate solution.
However, in many instances 1t i1s difficult to find this
functional., In such cases, the Galerkin method 1s often

effective.

A, PARTIAL DIFFERENTIAL EQUATIONS
Consider the linear homogeneous boundary value problem

of the form
LU(x,y) = £(x,¥), (5.1)

subject to linear homogeneous boundary conditions. The
symbol L stands for a linear differential operator, such
as v2.

Suppose that an approximate solution is taken in the

form

n
U (x,y) = C, o, (x,¥), (5.2)
n y kzl k¥k

where the coefficients Cl""’ C_ are constants, to be de-

n
termined, and, as in the previous chapter, the functions

®yseeey &, are picked to satisfy the homogenecus boundary
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i o | N
conditions. The coefficients are dependent upon %be number | ’ o
of functions picked and therefore, must be,recomputed;if- , N
a larger number of functlons are 1a£er chosen., While the
function Un gatisfles the boundary conditibns, it will’not,
in general, satisfy Eq. (5.1). Thus there'1s a residual, '

LU (x,¥) = £(x,¥) = R (x,5), — 5.3) .

which ¢an be viewed as an error or penalty function. Assume
oo

the solution for U(x,y) can be expressed by an infinite

complete serles of these linearly lndependent functions

1

in the form : . ' b .

Ulx,y) = 1 ety (x,3). - (5.4)

=

New U, (x,y) in Eq. (5.2) represents a sequende of partial
sums which approximate U(x,y), Now if the condition is
, |
imposed that L(Un) - f be orthogonal to each function
' ' I

%,(x,y) on the demain A, the following set of equations

are obtained (5.5)

[f(L(u) - £) ¢ dxdy= 0, for k = 2, 2,..., n ‘
A . . i

or by use of Eq. (5.3) ’ : 5.6 - !

ﬂJRn(x,y) ¢ (x,y) dxdy = 0, for k = 1, 2,..., n.

If Eq. (5.6) is to hold as n + = it follows thaf

lm R, =0 BN ER ) :
n-ro : | . |
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!

i Let R(x,y) be an arbitrary function satisfying the
homogeneous boundary conditions. Since {¢, Yor k = 1, 2,...

. fcrms a complete set of functions constants a,,..., a

1

rl,loo

can be found such that
; -
. | D e

R(x,y) = a, % (x,y). (5.8)
.| xy kglkk :
; Thus,
’ ! [/ 1im R (x,¥) n(x,y) dxdy = 0, (5.9)

‘ A no+e

t
|

; 'for any arbitrcry n(x,yY, so that by the fundamental lemma
of variational calculus Eq (5.7) is true "almost every-
where". Suppose further that L(u, ) + L{U)5 then Eq. (5.1)
holds, by the use of Eq. (5.7).

! Galerkin's method requircs that the error function
R (x,y) Be orthogonal to each of the functions ¢,, or that
Eq. (5.5) and Eq: (5.6) hold. Now by substituting Eq. (5.2)
into Eq. (5.5) an integral is obtained of the form

A k=1

1 i

N n )
‘ /! [L( L Ce) - f] ¢, dxdy = 0, (5.10)
- ~ 1=1,2,..., n.

] . ! |
| This results in a system of n lilnear algebraic equations

in n unknowns Cl’““‘ Cn’ Furthermoreé, the system 1s in-
homogeneous unless the function f(x,y) 1is orthogonal to

each ¢, (x,¥)¢ Eq. (5.10) may be rewritten



J?l ¢, ﬁgL(OJ) ¢, dxdy = {Jf¢k dxdy, (5.11)

k:l’ 2,00‘, n.

In matrix notation this becomes

EC=F, (5.12)
where

T= (¢ C, ...cn)T (5.13)

E = {bid} i=1,2,...y 1, (5.14)

J =1, 2,...y n
Fo (fi,000y £)7 (5.15)
1 ' *n *

and

byy = {JL(01) ¢, dxdy (5.16)

£, = ﬂgf°1 dxdy (5.17)

The constants Ci are cbtalned by solving the system Hq.
Eq. (5.12).
Collocation, a convenient variation. One way to get
an approximate solution for the C's 1s the following.
Choose n points of the region A. Evaluate the terms in
the integral of Eq. (5.10) at these points. This yields n
equations for the unknowns Ck. Thls method, called colloca-

tion, 1s not generally so accurate but it 1is quicker than

carrying out the integraticns to define the coefficients
Eq. (5.16) and Eq. (5.17).




Galerkins method 1s also useful to obtain a direct
solution of variatlonal problems. Assume it 1s desired to

minimize a functional of the form

I(V) = [fF(x,y V,V,,V,) dxdy. (5.18)
A y

It 18 desired to find an extreme value for the functional
subject to the condition that V(x,y) 1s prescribed on the
boundary 8A of the domain A. It 1s known that if the exist-
ence of an extremlzing function U(x,y) is assumed and that
the firaction F possesses continuous derivatives of the
second order with respect to its arguements, there results
the condltion

fn(x,y) |Fy - & F, = F, | dxdy = 0  (5.19)
J;\ ’ LM

for an arbitrary function n(x,y) which has plecewise con-
tinuous derivatives in A and which vanishes on 6A. This

1s derived by considering a functlion of the form
V(x,y) = U(x,y) + en(x,y), (5.20)

and differentiating with respect to €. If n(x,y) is other-
wise arbitrary, then one form of the fundamental lemma of

variational calculus requires that

)
- — F = 0. (5.21)
x  Yx ay Uy

Suppose now that n(x,y) is the kth function & (x,y) and

that an orthogonality requirement 1s imposed as




{J°R<F“ - 3 Fu, - %; Fu) dxdy = 0, (5.22)

for k = 1, 2,..., n.

Finally, assume that the function U(x,y) which effects the
minimizatlion can be represented satisfactorily by a finite

serles

n
Un(x,y) = k£1 e 8 (x,y) . (5.23)

Eq. (5.22) then defines a system of n algebraic equation

to be solved for the n unknowns Cqseee Cpo

method 1s applicable in the solution of varlational problems.

Thus Galerkin's i

However, much of 1its value lies in the fact that 1t 1s not

necessarily connected with a variational procedure.

B. EIGENVALUE PROBLEMS

Suppose that 1t 1s desired to solve an elgenvalue prob-

lem of the form

LU = AU(x,y) in A, (5.24)
and

Us=0 - A on 8A. (5.25)

Assume as in the first section that the function U(x,y)
can be approximated in the form of Eq. (5.23). The problem

ls solved by considering equatlions of the form

ﬁJ(L(Un) - 20,] ey dxay = 0 (5.26)

for 3 =1, 2,..., n.
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Now by substituting for Un the functlons °k 2 system is ob-
talned of the form

n
le (0g 4= Ay 4365 =0 (5.27)

for 1 =1, 2,..., n,

where
a 4 = fAfL(tbi) ¢, dxdy (5.28)
Yi,5 ¢ fAf"‘i“’J dxdy (5.29)

This has nontrivial soclutlons for the C's if, and only if,
lag 4= Avy 4l=0, (5.30)

where 4 1s the determinant of the matrix. Thus the values
of Ai may be found by solving the characteristic equation
(5.30). For each eigenvalue Ai there corresponds a system

of equations (5.28) to be solved for the eigenvector
n
- . =O 7.
kzl (“k,j Ai*k,J) Cpo (5.31)

for 3 =1, 2,..., n.

New for each elgenvalue Ai this system of n homogeneous

(1)
Kk

equatlions may be sclved to gilve the values C s Where

this coefficlent corresponding to the ith eigenvalue.

Thus the eigenvalues are obtained, with their correspond-

ing elgenvectors. The functions ¢y should be chosen to
reflect whatever characteristics the soluticn 1is felt to

have.
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VI. DISCUSSION OF VARICUS METHODS

FOR SOLVING EIGENVALUE PROBLEMS

In Chapters II, III and IV, three methods were developed
for finding the first three elgenvalues and eigenfunctions.
All three gave satisfactory values for the eigenvalues and
elgenfunctions, and satisfactory times for the rather simple
problems considered here. These methods were used to obtaln

solutions of the following two problems:

= - 2
Uy + uyy AU in A, (6.1)

subject to the constralnt

U(x,y) =0 N on 8A; (6.2)
and

VU = A%U in A, (6.3)

subject to the constraints
2
U(x,y) = 83U . on SA. (6.4)
an?

In thls chapter the computatlon and numerical results are
discussed and compared.

In all of the methods a set of functions was needed.
In the Raylelgh~Ritz method these were the basis for the
approximating functions; 1in the other two methods they
were the inittlal estimates of the functions. The ones usu-

ally chosen were
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U0 = (x - x*)(y - ¥*), (6.5)

U = (x - 2?)(y - ¥y} (% - x), (6.6)

U = (x = x3)(y - ¥ (% - ¥). (6.7)
Step functions were also used as first estimates in the
iterative methods; these increased the number of iterations
requlred some, but not much, particularly for the higher
modes.

Usually the range of the independent varlable was di-
vided into ten equal sub-intervals, in golng to a differ-
ence equation. In the Raylelgh-Ritz method this did not
yield sufficient accuracy and it was found necessary to go
to forty intervals. Twenty-five intervals were also used
in some computations; the intermediate number was chosen
because of storage requirements in dynamic programming.

In the lterative procedures some convergence or stop
eriterion was needed, When a relaxation procedure was used
together with Rayleigh's formula for estimating the elgen-
value, computation was terminated whenever the elgenvalue
did not decrease by at least 0.002. In Stodola's method,
the routine was terminated whenever the norm of the change
in the function U(x,y) was less than 0.002,

The relaxation method required the least time for this
simple problem. Most of the time required for dynamic pro-
gramming was spent 1n inverting the matrleces. Dynamle pro-
gramming ylelded a very accurate approximation to the

eigenfunction.
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For some reason 1t was necessary to use forty intervals
to get the desired accuracy with the Rayleigh-Ritz method.
When ten intervals were used, the elgenvalues of the matrix
E were significantly too small, apparently due to errors
in the integration and transformation routines. There were
at least two other disadvantages of the Raylelgh-Ritz method.
Pirst it was tedious to program. Second, there may be some
difficultles in choosing the functions @1, particularly
if sone of the higher modes are deslred. The results of a §
gset of computations are given in Computer Output & , in-
¢luding the three elgenvalues, the assoclated coefficlents
and the values of the corresponding functions at variocus
points. The routine ls shown in Computer Program 5. The
necessary matrix transformations and solutions for the
elgenvalues were carried out using programs TRED2 and TGL2
respectively, [ 7].

The simple relaxation method of Chapter II had the ad-
vantage of being the simplest to program and to run. It
had the disadvantages that terminal convergence was slower
than in the method of dynamic programming and 1f a large
number of points were involved the computing time Increased
greatly. The results r© a set of computations are given
in Computer Output 1. The routine is shown in Computer
Program 1.

Dynamic programming had the advantage of ylelding very
accurate values in a small number of iterations. The dis-

advantages were that 1t was relatively difflcult to program
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and th~t 1t took quite a bit of time to generate the inver-

ses of the matrices required. Computer Output 7 shows the
results by this method and the program used 1s in Computer
Program 6.

The values of the eigenvalues obtained by the three
methods are compared in Table I. In Table I are the elgen-
values for the first differential equation, the difference
equation with ten intervals, together with the results of
.Ye computations, the number in parenthesis by an entry
1ndicates'the number of intervals used in the computation.

The eigenhvalues for forty intervals are intermediate between

those for ten and those for the differential equation.
1fferential Differencéﬁ ﬁa&leigh Reléxation D&namic
Equation Fquation(10) Prograrmming
Y4289 | 4.42463 | 4.4110 (25)|4.42486(10)] k.42842(10)
) V.LA751(40) | 4. 44611 (40)] 4.43753(25)
7.02482 6.92714 7.23029(40)|6.92736(10)| 6.92717(10)
7.02482 | 6.92714 7.24707(40) |6.92736(10)| 6.92717(10)

Comparison of Plrst Three Elgenvalues for Eq.

Table I.

(1.1)

The three methods gave close agreement for the first

elgenvalue but tended to differ on the next two.

For the differential equation of higher order, only

relaxation and dynamic programming were compared;

these

comparisons are shown 1in Table II using ten intervals.




Differential Différenée Rélaxation Dynamicri

Equation Equation(10) Programming

19.739227 19.577361 19.60767 19.57777

49.348040 | 47.985220 | 48.00555 47.98473

49.348040 47.985220 48.02386 4798474
Table II.

Comparison of First Three Eigenvalues for Eq. (1.3)

Computing times were similar, around twelve seconds

for each. Conputer Output 2 shows the results for the re-

locatlion method, and the program i1s Computer Program 2.

Computer Output 9 shows the results for dynamic programming

and the program is Computer Program 6.

by




VII. DISCUSSION OF THE SOLUTION OF A

PARTIAL DIFFERENTIAL EQUATION BY VARIOUS METHODS

In Chapters III, IV, and V, three methods were developed
for solving partial differential equations. These methods

were used to obtain solutions of the following problems:

Uxx + Uyy 2(x* + y X -y) in A, (7.1)

subject to the constraint

U(x,y) = 0O on §A; (7.2)
and

V*U = 3 in A, (7.3)

subject to the constraints

U(x,y) = 0 on A
2
30U . oy -y?) for x = 0 (7.4)
an?
2
3V _ =2(y -y?) for x = 1
an? o
2
v 2(x -x2) for y =0
an?
\ _
3’V _ -2(x -x2) fory =0
on?

In this chapter the computation and numerical results are

discussed.
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In Galerkin's method, an approximation for the funetion
U(x,y) satisfying the constraint Eq. (7.2) was made by choos~-
ing suitable functions ¢i1(x,y), ®2(x,y) and ¢,(x,y) to satis-
fy the constraint in Eq. (7.2). The approximatio:n for U(x,y)

was
U(x,y) = Ci1di(x,y) + C2®2(x,y) + Csds(x,y) (7.5)
= (x -x*)(y -y¥)(C1 +yxC: +x%y2%Ci).

The values of Ci, C2 and C3 were obtained by techniques
described in Chapter V, Computer Output 3 shows the values
of Ci1, Cé, Cs and the function U(x,y) at various points.

In this method the region A was sub-dlivided 1into ten equal
sub-intervals for each independent variable for the inte-
gration routine. A second approximation for U(x,y) was made

for this method as

U(x,y) = C1®1 + C2¢2 + C3d, (7.6)

= (x =x%)(y -y?)(xC1 + yC2 + xyCs).

The purpose of this was as follows. There generally 1s some
skill and art involved in choosing the functions Bpoeees °n
weil. In fact in the first choice ¢q 1s actually the desired
function. The second set of functions was choser. so as to
get some feel for the consequences of a poor choice of the
¢4's. The values of C,, C,, C, and the function at varlous

points 1s shown in Computer Cutput 10,

The numerical solution of Eg. (7.1) by dynamic program-

ming with the constraint of (7.2) ylelded the values 1n




Computer Output 6. Again the regilon was divided as was
done in Galerkin's method.

In the Rayleigh-Ritz method, an approximation for the
solution, U(x,y), satisfying Eq. (7.1l) was made by choosing
suitable functions ®:1(x,y), ®2(x,y) and ®3(x,y) to satisfy
the constraint (7.2). The approximation for U(x,y) was

U(x,y) = C191 + C262 + C3d, (7.7)
= (x - x2)(y - y*)(C: + xyCa + x%y2C,).

The values of C3, C2, and Cs were obtained by techniques
described in Chapter IV. Computer Output 4 shows the val-
ues of Ci, C2, Cy and the values obtained for U(x,y) at
various points. In this method it was found necessary to
sub-divide the region into forty equal sub-intervals for
each independent variable in order tc get satisfactory
accuracy.

The best approximation to U(x,y) was obtained by Galer-
kin's method using Eq. (7.5), where ¢, was the desired
function. There was no error and the method was able to
detect that this was the case. However, when Eq. (7.6)
was used tbe maximum error was eight thousandths. The time
required to solve the problem by this method was 0.57
seconds.

The problem was solved by dynamic programming in three
seconds with accuracy to six digits. However, over half
of the computer tlime was spent obtaining inverses, which
could have been fed as data from Solving Eq. (6.1) in this

particular case.



The Raylelgh-Ritz method réquired Jyst under ten seéoﬁds
and had a maximum error of two thousandths. | |

Because cf the tinme requir;d and tﬁe acéuracy obtained
by Rayleigh<Ritz, only Galerkin's methad and dypamic pPro=
gramming were used to solve Eq. (7.3)..

Galerkin's method obhtalned the same values and accuracyI
in the solution of Eq. (7.3) as 1t a1d in thelsolutién to
Eq. (7.1) and took the same time. B ' |

Dynamle programming obtained the same degreé.of atcuracy
in solving Eq. (7.3) as it did in solving Eq.l(7.l) and
- took three seconds. The results are showh in Computer

) B

Output 8 and the program is Computer Program 7.

) 1

1




’ VIIT. CONCLUSION }

The ;hrée methods considered .for eigenvalue problenms
,yielded‘satisractory values for the elgenvalues and the
eigenfuﬁctions.v Geperally, the relaxation method seemed
to. be most satisfacfory. It was stralght<forward to pro-
g;amn aqd b v waﬁ faster then Rayleigh-Ritz and dynamic
pfogrémﬁing. It conve;ged rapidly even if step functions
.were used on several different tests figures,'such as the

L-shaped and %riahgular regions.
o The dynamic programﬁing method c;nverged in the same
nqmber of ltergtions as, relaxation, but gave poorer esti-
métes‘br the second and third efgenvalues. It of course
was much more aifficult to program and requlred more com-
puting tlme due tb the needed inverses,

The Rayleigh—Rit; method seemed to have illttle to re-
commenq it dde to the ccﬁputer time required. It required
muchhfine? meshing ip order to obtain a satisfactory accu-
rdcy. Thé onli advantaée it had was that no iteration was
required.

| Of the thrée methods considered in the solution of
Polsson's and the biharmonic equations Galerkin's method
was the fastest and gave accuracy éomparable to the Ray-

leigh-Ritz;method.' It was also the simplest of the three

methods used to program.




Dynamlc programming gave the best accuracy generally,
but it required more comﬁuter time than Galerkin's methed.
Rayleigh-Ritz had the same difficultles as it did in
the eigenvalue problem and was considered of little use.
While dynamic programming required more time for the
solution of both elgenvalue problems and elliptic partial

differential equations, it was very powerful. It only
required a knowledge of the function U on the boundary.
It can be extended to irregular regions [1]. It obtained
very good accuracy. Much of the time was spent computing
the inverses., 1If the same points were used in solving
several different problems, these inverses could be cal-
culated once and thereafter entered as data, reducing the

computer time greatly.
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COMPUTER QUTPUT 1.{RELAXATION)
EIGENFUNCTION=1
. PATH= 8 OMECGA= 4,424858
X Y UlXs¥)
0 .1 0 .1 0.09719044
0 .1 0 .3 0.2508801
0 .1 0 .5 0.3094832
0 + 1 0 7 0.2526796
0 .1 0 .9 0.09705645
0 .« 3 0 .1 0.2508801
0 .3 0 3 0.6512997
0 « 3 0 . 5 0.8061690
0 . 3 0 . 7 0.6586339
0 .3 0 « 9 0.2531579
0 « 5 0o .1 0.3094832
0 .5 0 .3 0.8061690
0 « 5 0 .5 1.000000
0 « 5 0 . 7 0.8169372
0 .5 0 .9 0.3137754
0 « 7 0 .1 0.2526796
0 .7 0 « 3 0.6586339
0 . 7 0 .5 048169372
0 . 7 0 « 7 0.6658412
0 o7 0 <« 9 0. 2551157
C « 0 .1 0.09705645
0 .9 0 .3 0.2531579
0 .9 0 .5 043137754
i 0 « 9 0 .1 0.2551157
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COMPUTER OUTPUT 1 .(RELAXATION)

EIGENFUNCT IGN=2

PATH=11

©C OO0 000000 0000000000 O OC O O O

- X

D O O~ o~ o~ m U U om W W e e e e

o

0MEGA=A

©C 00 000000 O00C 00000000 oo o o

Y S A Y« I Lt I TU R Y S . TR - 2 Y S T Y e S Y S TUN g

© . 6s 927361

U{X,Y)
0.1853049
. 0.4886459
0.6086538
0.4958898
e1895595
0.3032387
0.8008109
0. 9981067
0.8116993
0.3099311

C.001278793
0.008393560

0.01233941

0.008128799
0.001685064

-0.3083511
-0.8038315
~0e¢ 9953710
-0.8089499
-C.3103257
041921543
-0.5006261
-0.619429%
~0.5025631
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COMPUTER OQUTPUT 1.(RELAXATION)

EIGENFUNCT YON=3

PATH=11 OMEGA= 64927361
X v U(XyY)
0 .1 0 .1 0.1857997
0 o1 0 « 3 043045443
0 .1 0 «5 0.002898388
0 .1 0 o 7 -0. 3070407
0 1 0 .9 -0.1916554
0 2 0 .1 0.4894530
0 « 3 0 .3 0.8029368
0 .3 0 5 0.01102810
0 .3 0 . 17 -0, 8017028
0 .3 0 .9 -0.4998162
0 .5 0 . i 0.6086553
0 .5 0 .+ 3 0.9981196
0 .5 0 « 5 0.01235584
0 .5 0 7 -0, 9553650
0 « 5 0 .9 ~0.6194320
0 . 7 0 .1 0.4950783
0 o+ 7 0 « 3 0.8095817
0 o 7 0 .5 0.005508117 . .
0 .17 0 . 7 ~0. 8110784
0 . 7 0 .9 -0.5033802
0 + 9 0 .1 C. 1890559
0 . S 0 . 3 0.3086166
0 .9 0 + 5  5.9269C0%-05
0 .9 0 o 1 -0, 3116446




COMPUTER OUTPUT 2 (RELAXATION)

E1GENFUNCT 10N=1
PATH=1T OMEGA=
X
0 .1 0
0 .1 0
0 o1 9
o .1 0
0 « 1 0
0 +3 0
0 «3 N
o o3 0
0 .3 0
0 o3 0
0 5 0
0 « 5 0
0 5 0
0 o5 0
c +5 0
0 o 0
o .7 0
0 o7 0
0 .7 0
0 o7 0
G .9 0
c .9 0
0 .« 9 0

19.60767

U XsY)

0.1011795
0. 2574610
0.3156426
C. 2600489
0.1008759
0.2580318
Do 6597930
0.8128256
0.6714125
0. 2608653
0.3149233
0.8084638

1.000000
0.8271890
0.3214785
0.2583916
0.6639176
0.8214287
0,6778069
0.2627081
C. 1004035
0.2579977
0.3188558
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CCMPUTER OUTPUT 2. (RELAXATION)

EIGENFUNCT I0N=2

. PATH=16 OMEGA= 48.,00555
X Y UiXsY)
0 .1 0 .1 0.1909801
0 .1 0 .3 04904021
0 .1 ¢ «+ 5 0. 6059132
o0 .1 0 « 7 0.,4979762
0 .1 0 « 9 0.1925782
0 .23 0 .1 0. 3037586
0 3 0 «3 0.7884125
0 .3 0 «5 0.9826701
0 .3 o .7 0.8096838
0 .3 0 « 9 0.3130895
0 5 0 .1 0.003429962
0 5 0 .3 0.01207077
0 o 5 0 5 0.01897281
0 « 5 0 .7 0.01404283
6 5 0 .9 0.004551671
0 7 0 1 -0s 3064085
0 .7 0 3 ~0.7943833
0 .7 0 « 5 ~0e9861545
0 17 0 « 7 ~0.8114642
0 . 7 6 .9 ~0.3132687
0 « 9 o .1 -0.1937618
0 .9 0 « 3 -0.5022484
0 . ¢ 0 « 5 ~0.6227177
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COMPUTER OUTPUT 2. (RELAXATION)

E1GENFUNCY TON=3
. PATH=19 OME GA= 48, 02386
X Y U(X,Y)
0 o1 0 o1 0.1851881
0 .1 0 «3 0.3020115
0 o1 0 .5 0.009329475
0 .1 0 .7 ~0.3049613
0 1 0 .9 -0.1935259
0 « 3 0 .1 0.4791670
"0 .3 0 .3 0. 7690626
0 o 3 0 .5 0.02798434
0 .3 0 .7 -0.7933792
0 3 0 .9 -0.5036968
0 o 5 0 .1 0.5902148
0 «5 0 .3 0.9785894
0 o & 0 .5 0,03599443
0 « 5 0 .7 09824019
0 .5 0 .9 -0.6229793
0 o 7 0 .1 0.4810330
0 .7 0 .3 0.7979080
0 .7 0 .5 0. 02484581
0 . 7 0 . 7 ~0.8038256
0 .7 0 « 9 -0.5073704
0 . S 0 .1 0.1851680
0 « S 0 « 3 0.3065956
0 « 9 0 .5 0.007537059
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COMPUTER QUTPUT 3,(GALERKIN)

VALUES OF C(1) ARE

c1 = 1.000000
c2 = o

€3 = ' 0

X Y U(X,Y)

0 .1 0 .1 0.008099992
0 .1 0 .3 0.01889999
0 .1 0 .5 0.02249999
0 o1 0 o7 0, 01890001
0 .1 0 « 9 0.008100022
0 .3 0 o1 0.01889999
0 .3 0 .3 0. 046409999
0 .3 0 .5 0.05249999
0 « 3 0 .7 0.04410003
0 .3 0 .9 0.01890005
0 « 5 0 .1 0.02249599
0 .5 0 .3 0.05249999
0 .5 0 .5 0. 06250000
0 .5 0 .7 0.05250004
0 .5 0 .9 0.02250007
0 .7 0 .1 0.01890001
0 .7 0 .3 0.04410003
0 .7 6 .5 0. 05250004
0 o 7 0 .7 0.04410006
0 . 7 0 .9 0. 01890007




COMPUTER OUTPUT 4 «(RAYLEIGH)

VALUES OF C(I) ARE

1 =
c2 =
€3 =

00000000

25
25
25
«50
«50
«50
75
«715
«75

1.120410
- 05808935
0.3500372

0O 000 O 0o o0 O

«25
«50
«15
25
«50
75
25
«50

75

U(X,yY)

0.,03816108
004937190
0.03599290
0404937190
0. 06231650
0.0446759
0403599290
0.04461559
0.03179573
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COMPUTER OUTPUT 5 .(RAYLEIGH)

EIGENFUNCY ION=1

THE

(o3}
c2
c3

0O 0O 0 O0CO0OoO OO0 oo

OMEGA=

VALUES OF C(I) ARE

=

It

25
«25
25
«50
+50
50
«75
«75
«75

29.89044
0. 003808264
2.580980

© 0O 00 0C 0 O o0 o

25
+ 50
«75
25
«50
75
25
«50
75
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4.4475)2

UiX,Y)

1.073552
1.401157
l.028184
1.43135¢
1.868153
1.370868
1.073485
1.401070
1.028116



COMPUTER OUTPUT 5. (RAYLEIGH)
EIGENFUNCTION=Z OMEGA= 74230292

THE VALUES OF C(1) ARE

€l = 9.664003

€2 = 112.0784

€3 = «112,0294

X \{ U(X,Y)

0 .25 0 .25 0.3401793
0 .25 0 .50 1.766417
0 .25 0 .75 24309447
0 .50 0 .25 ~0.8598440
0 .50 0 .50 0. 6040002
0 .50 0 .75 1.765845
0 .75 0 .25 =1.629948
0 .75 0 .50 -0 8604184
0 .75 0 .75 0.3393202




CAOMPUTER QUTPUT 5., (RAYLEIGH)

EIGENFUNCY 10N=3

THE

C1

c2
C3

o 0 0 OO0 OO0 o O

OMECGA=

VALUES OF C(I) ARE

=2

25
25
«25
«50
«50
«50
«15
«15
«15

S.656152
-112.4433
~111.6595

O OO0 O 0O 0 0O oo

.25
50
75
.25
50
.75
25
e50
.75

T+ 247070

U(XeY)

~1. 630179
~0.8650630
0.3325842
~0. 8558773
0.6035087
1.76114}
043463630
1.770327
2.309128




COMPUTER OUTPUT 6. {DYNAMIC)

X Y U(XsY)

0 .1 0.008099854
0 o 3 0.01889967

0 «5 10.02249958

0 o 7 " 0. 01889964
0 « 9 0.008099858

0 .1 0.01889966
0 o3 0004409914

0 5 0.05249893
0 o 7 0. 04409913

0 9 0.01889965

0 .1 0.02249958

0 .3 0.05249896
0 .5 0.06249879
0 o 7 0. 65249900

0 «9 0.02249960

0 .1 G 01889965

0 .3 0.04409916-
0 5 0.05249896
0 . 7 0.04409920

0 .9 0401889972
0 1 0. C08059854
0 3 0.01889966 ,
0 5 0.02249962 !
0 o 7 0.01885972

0 .9 0.008099906

OOOOOOOOOOOOOOOOOOOOOOOOO
.

1
1
1
1
1
3
3
3
3
3
5
5
« 5
5
5
1
7
7
)
7
S
9
9
S
9
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COMPUTER OUTPUT 7.(DYNAMIC)

' EIGENFUNCTION=1 _
PATH= 4 OMEGA=  4.423473

I

X | Y UEX,Y)

0.09554238
0.2500933
€. 3091003
02500929

0.09554338
042500930
0.6546414
' 0.8090985

0. 6546412
0.2500929

€+ 3091002

Ce 8690987

= 1.000000
048090994

! €.3091004
0.2500930
0.654641¢

0. 8090992
0.6546427
042500940

1 0.09554315
o3 - 0.2500930
5 0.3091010

0 1 0 1
0 1 0 3
0 1 0 5
0 1 0 7
0 o1 0 «9
) 3 0 1
0 3 0 3
0 3 0 5
0 3 0 7
] 3 0 9
0 5 0 .1
0 .5 0 .3
0 5 (o} 5
0 5 0 7
0 5 0 9
0 1 0 1
o] 7 0 3
0 7 0 5
0 7 0 7
0 1 Q 9
0 s 0

0 9 0

0 s 0
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COMPUTER OUTPUT T.(DYNAMIC)

EIGENFUNCT ICN=2

PATH=

©C0OO0OO0OO0DO0OO0OO0OO0O0O0O0OOOOO0OO0O0O0O0o-0

X

(]

BB B ~NdNA AU UL YU W W W W W e

OMEGA=

0O 0O 0 000 000 00000V C OOCOO0O OO OO

mww@gmwwodmwo—-odmwh‘odmww

6.927172

U(XsY)

0.1913275
0.5004815
0.6183150
0.5004799
0.1913269
0.3092604
0.8089828
0. 9994567
0.8089805
0.3092589

1.959012*-06

3.750642°-06

2.407420-06
~445483194-07
-7.790408¢-07

- €. 3092566
-0.8089775

'=0.9954535

-0, 8089827
-0.3092611
-C.1913257
-0.5004784
-0.6183146
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COMPUTER QUTPUY 7.(DYNAMIC)

EIGENFUNCTION=3 :
’ PATH=11 OMEGA= 6.927173

X Y ULXY)

0 .1 o .1 0.1913257
0 .1 0 .3 0. 3092576
0 .1 0 .5 ~—14199204'-06
0 .1 0 .1 -0.3092595
0 .1 0 .9 -0.1913273
0 .3 0 .1 Ce 5004785
0 o3 0 .3 0.8089781
0 .3 0 « 5 ~1.801975'-06
0 .3 0 o7 ~0.8089815
0 .3 0 .9 -0.5004808
0 + 5 0 .1 0461283135
0 +5 0 .3 049994553
0 5 0 .« 5  1.728089'-06
0 5 0 .7 -0.9994555
0 o 5 0 .9 ~0.6183147
0 o1 0 .1 0.5004803
0 o 7 0 o3 C. 8089837
0 o7 0 «5  4.765801'-06
0 o7 0 o« 7 ~0.8069792
0 o7 0 .9 -0.5004812
0 .9 0 .1 0.1913269
0 .9 0 .3 0.3092602
0 .9 0 5  2.622819'-06




kgl

I TR e

OOOOOOOOOOOOOOOOOOOC,OOOOO

ao\oooqﬂqqqmwmm\nmmwwms—-wpr‘w

COMPUTER OUTPUT 8. (DYNAMIC)

Y

1
3
5
7
9
1
3
5
7
9
1

. 3
5
7
9
1
3
5
7
9
1
3
5
7
9

OOOOOOOOOOOOOOOOOOOOOOOOO
L]

uix,v)

0.008099731

0.01889934
0.02249917
0.01889930
04008099727
0.01889932
0.04409828
005249788
0404409826
0.01289930
€.02249917
0405249792
0.06249751
005249795
C.02249918
0.018899321
0.04409831
0405249793
0404409834
0. 61589938

0.008099716

0.01889932
0.02249920
0. 01889938
0.008099772
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COMPUTER OUTPUT 9. (DYNAMIC)

SIGENFUNCTION=]

PATH= 3 OMEGA= 19.5763¢
. . X Y Uy, v)
0 .1 0 1 0.09549332
0 .1 0 .3 0.2500034
0 .1 0 . 5 Ce3090197
60 +1 0 « 7 0.2500030
0 «1 0 . 9 0.09549332
0 o+ 3 0 .1 0.2500032
¢ .« 3 0 .3 0.6545131
¢ . 3 0 « 5 0.8050189
D « 3 0 « 7 0.6545127
C + 3 0 . 9 0.250G0032
0 . § 0 .1 0.3090197
0 .65 0 +3 0.8090194
0 « 5 0 «+ 5 1.000000
0 5 0 . 7 C. 8090203
0 « 5 0 .9 0.3090200
0 7 0 .1 0. 2500033
0 . 7 0 . 3 0.6545134
0 7 0 .5 0.8090203
0 7 0 7 046545147
0 . 7 0 .9 0.2500044
0 « 9 C .1 0,0954932¢6
0 + 6§ 0 . 3 0.2500024
0 « 9 0o .5 0.309G206




COMPUTER OUTPUT 9, (DYNAMIC)

EIGENFUNCTION=2

PATH= 4

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

X

-

1

1
1
1
3
3
3
3
3
5
5
5
5
5
?
?
7
7
7
S
S
9

OMEGA=

0
0
0
0
0
o
0
0
0
0
0
0
0
0
0
0
0
0
0
c
0
0
0

mwwo\amwwo-qmwwoqmmwoqmwk

47.98485

UiXsY)

C.1911G672
0.5001713
0.6181207
C. 5001690
041911063
0.3091234
0.8090394
0.9998273
008090362
0.3091207

~943840420-07
84968278406
1.008165'-05
34054505 =06
44520023106
~ (43091281
048090287
~0.9998166
~C. 8n90367
-0.3091323
~0.1911175
~3.5001757
-0.6181255
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" COMPUTER OUTPUT 9. (DYNAMIC)

- E1GENFUNCTION=3
. PATH= 7 ‘OMEGA= . 4T .98486

X oy UIXsY)

0.315311126

0. 3091245
-9,687110'-07
~-0.3091258
-0.1911120
0.5001729
0.8090308
-2.217028°-06
-0 8090366
-0.5001741
0.6181221
0.9998204
1.343255'-06
-0.9998225
-0.6181232
C. 5001751
0.8090382
5.371387'-06
-0.8090329
-0,5001737

. 061911140
0.309127¢
3.674680'-06

o 0
0 o
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 . 0
0 0 .
0 0
0 0
o 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0

[ ]
O 0 O~ ~d~N N4V mWw Uy W W W W e
mw#@qmuwoqmwwo.jmwwcqimww




COMPUTER OUTPUT 10. (GALERKIN)

VALUES OF# C(1) ARE

cL = 1.596382

€2 = 1.596392

€3 = ~2.558899

X Y U{X,yY)

0 .1 0 <1 0.002375632
0 .1 0 «3 0.01059511
0 .1 0 «5 0.01862749
0 .1 0 o« 7 0.02069907 |
0 .1 0 «9 0.01103618 '
0 « 3 0 .1 0.01059507
0 + 3 0 .3 0.03192532
0 o 3 0 .5 0.04658196
0 .3 0 o 7 0404633235
0 .3 0 «9 0. 02294400
0 .5 0 .1 0.01862741
0 o+ 5 0 « 3 0. 04658184
0 « 5 0 «5 0.05916639
C « 5 C .7 0.052817¢4
0 « 5 0 « 9 0. 02397245
0 o 7 0 .1 0.02069896
0 o« 7 0 .+ 3 0404633217
0 .« 7 0 «5 0.05281758
0 « 7 0 .7 0.04240138
0 o 7 0 «9 0. 01732974




COMPUTER PROGRAM 1.
ViU = -A%U, EQ. (1.1)

RELAXATION METHOD APPLIED TO
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COMPUTER PROGRAM 2.
RELAXATION METHOD APPLIED 0

VU = A*U, EQ. (1.3)
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COMPUTER PROGRAM 3.
. GALERKIN'S METHOD APPLIED TO

1

VU = 2(xi+ylex=y), EQ. 21-5)
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COMPUTER PROGRAM 4,
RAYLEIGH-RITZ METHOD APPLIED TO

V32U = 2(x%+y2ex~y), EQ. (1.1)
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COMPUTER PROGRAM 5,
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COMPUTER PROGRAM 6.

DYNAMIC PROGRAMMING APPLIED TO
(1) V32U = 2(x¥+y?-x-y) EQ. (1.5)

(2) Y'U = A%U EQ. (1.3)
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COMPUTER PROGRAM 8.
GALERKIN'S METHOD APPLIED TO

V20U = 2(x2+y?-x-y) EQ. (1.5)
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